A purely fermionic representation is introduced for the ferromagnetic Kondo lattice model which allows conventional diagrammatic tools to be employed to study correlation effects. Quantum 1/S corrections to magnon excitations are investigated using a systematic inverse-degeneracy expansion scheme which incorporates correlation effects in the form of self-energy and vertex corrections, while explicitly preserving the continuous spin-rotation symmetry. Magnon self-energy is studied in the full range of interaction strength, and shown to result in strong magnon damping and anomalous softening for zone boundary modes, which accounts for several zoneboundary anomalies observed in recent spin-wave measurements of ferromagnetic manganites.
I. INTRODUCTION
The interplay between itinerant carriers in a partially filled band and localized magnetic moments is conventionally studied within the ferromagnetic Kondo lattice model (FKLM), wherein −JS I .σ I represents the local exchange interaction between the localized magnetic moment S I and the itinerant electron spin σ I . Magnon excitations in the FKLM provide important information about this interplay, with the magnon dispersion determining the finitetemperature spin dynamics, transition temperature T c , and also providing information about the carrier-induced spin-spin interactions in the ferromagnetic state, negative-energy modes signalling instability due to competing antiferromagnetic (AF) interactions, and magnon damping highlighting the characteristic spin-charge coupling in a band ferromagnet.
Magnons in the FKLM have been studied as function of electron (hole) density n (p) in the conduction (valence) band and the spin-fermion coupling J in the context of heavy fermion materials, 1 ferromagnetic metals Gd, Tb, Dy, doped EuX, 2 colossal magnetoresistive manganites (CMR), 3, 4, 5, 6 ordered diluted ferromagnets 7 relevant for the ordered double perovskite Sr 2 FeMoO 6 , 8 and diluted magnetic semiconductors such as Ga 1−x Mn x As in which impurity positional disorder and clustering play a very significant role on magnon excitations and hence on the finite-temperature spin dynamics.
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Quantum corrections to the magnon spectrum at finite S, not accounted for in the above leading-order calculations, have also been studied using various approaches such as exact diagonalization, 11, 12 modified RKKY approach, 13 variational method, 14,15 the HolsteinPrimakoff transformation. 16, 17 Most of these theoretical investigations 18 were carried out in the strong-coupling (double-exchange) limit (J/W ≫ 1), where W is the bandwidth of the mobile electrons and J is their exchange coupling to the localized spins. Although providing a good description of the experimentally observed magnon damping in the ferromagnetic phase of colossal magneto-resistive (CMR) manganites, 19 , these investigations, however, could not satisfactorily account for the characteristic anomalous magnon softening observed for zone-boundary modes. 27 as the origin of magnon damping are in sharp contradiction with these observations. Furthermore, the dramatic difference in the sensitivity of long-wavelength and zone-boundary magnon modes on the mobile charge carriers has emerged as one of the most puzzling feature. Observed for a finite range of hole concentrations, while the spin stiffness remains almost constant, the softening and broadening of the zone-boundary modes show substantial enhancement with increasing hole concentrations.
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It is therefore of interest to develop an approach wherein quantum fluctuation effects associated with both finite S and electron correlation can be studied on an equal footing.
In this paper we will introduce a purely fermionic representation of the FKLM in terms of a multi-orbital Hubbard model, which allows conventional diagrammatic tools to be employed for the investigation of quantum corrections beyond the leading order. We will make use of the inverse-degeneracy expansion scheme, employed recently to investigate ferromagnetism in the Hubbard model, 28 which systematically incorporates correlation effects in the form of self-energy and vertex corrections, while preserving the spin-rotational symmetry and hence the Goldstone mode explicitly. This purely fermionic analysis can be seamlessly extended to correlated band electrons, which will be reported separately.
The organization of this paper is as follows. A purely fermionic representation for the FKLM is introduced in section II. The magnon propagator is discussed in section III in terms of the irreducible particle-hole propagator, for which the first-order quantum corrections incorporating self-energy and vertex corrections are obtained in section IV within a systematic inverse-degeneracy expansion scheme. Results for the magnon self energy, renormalized magnon energy and damping, and electronic spectral-weight transfer due to electron-magnon coupling are presented in section V for one-, two-, and three-dimensional cases. Finally, conclusions are presented in section VI.
II. TWO-ORBITAL HUBBARD MODEL
The conventional FKLM model involves mobile electrons in a partially-filled band exchange-coupled to localized spins. In this section we introduce a purely fermionic representation in terms of a multi-orbital Hubbard model, which allows conventional diagrammatic tools to be employed to investigate quantum corrections beyond the random phase approximation (RPA). For concreteness, we start with a two-orbital Hubbard model:
with a magnetic (α) orbital and a non-magnetic (β) orbital. Here the correlated and localized In the saturated ferromagnetic state, with ordering chosen in theẑ direction, and spatially uniform magnetizations m α = 1 and m β = m for the localized and mobile fermions, corresponding to fully occupied α ↑ band and partially occupied β ↑ band, the interaction terms reduce to: at the Hartree-Fock level, where ψ µ represent the fermion field operators for the two orbitals µ = α, β, and the corresponding exchange splittings are given by:
The bare antiparallel-spin particle-hole propagators for the two orbitals are given by:
where ǫ σ k = ǫ k − σ∆ β are the exchange-split band energies, and superscripts + (−) refer to particle (hole) states above (below) the Fermi energy ǫ F .
III. MAGNON PROPAGATOR
The different components (µ, µ ′ = α, β) of the time-ordered magnon propagator in the ferromagnetic state |Ψ 0 are given by:
in terms of the spin-lowering and -raising operators S
As shown in Fig.   1 , the coupled equations for the different components of χ −+ can be expressed exactly as:
in terms of the irreducible particle-hole propagators φ. In analogy with the inversedegeneracy (1/N ) expansion studied recently for the band ferromagnet,
The first-order quantum corrections to the irreducible particle-hole propagator φ(q, ω).
systematic expansion:
for the irreducible propagator, where χ 0 are the bare particle-hole propagators, and correlation effects in the form of self-energy and vertex corrections are incorporated systematically in the quantum corrections φ (1) etc. so that spin-rotation symmetry and hence the Goldstone mode are explicitly preserved order by order.
Solving these coupled equations, we obtain:
where
represents the local magnon propagator for the localized spin (α orbital). Resulting from the coupled nature of Eq. (6) for the different components, the common denominator in
Eqs. (8-10) ensures a single Goldstone mode for all components, as expected.
The first-order quantum corrections to the irreducible propagator φ are shown diagrammatically in Fig. 2 , and correspond to the following physical processes: a) positive correction (to the bare particle-hole propagator) due to spin-↓ spectral-weight transfer arising from self-energy correction, b) negative correction due to particle-particle correlations, and c) positive correction due to spin-↓ correlations induced by spin-↑ charge fluctuations. The corresponding expression are obtained as:
denotes the leading-order result for the magnon propagator χ −+ αα in the RPA. Separating out the bare part from the quantum corrections in the irreducible particlehole propagators φ in (10), and dropping explicitly second-order terms such as φ
βα , we obtain:
for the αα component. The zeroth-order first term in the denominator yields the RPA result. The Goldstone mode at this level is easily verified, confirming the systematic nature of the expansion. For q = 0, the bare fermion propagator χ 0 β (0, ω) = m/(J + ω), which yields a pole at ω = 0, as expected from the continuous spin-rotation symmetry. For finite q, the RPA magnon energy is obtained by solving the pole equation
As J 2 χ 0 β (0, 0) = Jm from (4), and the ω dependence of the bare fermion propagator χ 0 β is relatively weak, the RPA magnon energy is approximately obtained as:
for the spin-S case. In the strong-coupling limit, and for dispersion ǫ k = −2t(cos k x +cos k y + cos k z ) on a simple cubic lattice, the bare magnon energy ω 0 q ≈ (3t/S) k n k cos k x (1 − γ q ) is of order 1/S and has the Heisenberg form.
The first-order magnon self energies in Eq. (12) are obtained as:
and we now discuss the resulting magnon renormalization. As the Goldstone mode is obtained at the RPA level itself, the magnon self-energy corrections must exactly cancel for q, ω = 0, as explicitly demonstrated below. The three magnon self energy terms, corresponding to the α, β and mixed contributions, can be combined in a simple expression:
which identically vanishes for q, ω = 0. Equation ( It is straightforward to generalize to the case of localized spin-S magnetic moments, corresponding to N = 2S localized α orbitals. Replacing the fermion-magnon interaction vertex J by J √ 2S, we obtain:
In the strong-coupling (double-exchange) limit where ǫ k ≪ 2JS, the magnon self energy simplifies to: [12] . The deviation changes sign at n ≈ 0.43.
This magnon self energy has the following characteristic features: i) it has the same energy order (t) as the bare magnon energy ω 0 q , ii) it is not of the form k (ǫ k−q − ǫ k ), implying deviation in the magnon dispersion from the Heisenberg form, iii) it involves spin-charge coupling, resulting in magnon damping, iv) it is down by the factor 1/2S relative to the classical magnon energy, and hence vanishes in the S → ∞ limit. Limiting behaviours of the resulting magnon dispersion -non-Heisenberg form in the J → ∞ limit and Heisenberg form in the S → ∞ limit -are in agreement with the exact calculations for the onedimensional chain.
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The imaginary part of the strong-coupling magnon self energy:
yields finite magnon damping and linewidth at zero temperature, arising from magnon decay into intermediate magnon states accompanied with charge (majority-spin particle-hole) fluctuations. The above result for magnon damping due to the spin-charge coupling is in exact agreement with earlier strong-coupling results obtained using the Holstein-Primakoff transformation and 1/S expansion, but only after terms of third order in 1/S are included, amounting to a self-energy correction in the second-order magnon self energy. IV. RESULTS Fig. 3 shows the self energy, calculated from Eq. 20 with ω = 0, for the one-dimensional chain in the double-exchange limit for S = 3/2. The deviation in the magnon self energy from the Heisenberg form is seen to be filling dependent, with the deviation changing sign at n ≈ 0.43, in agreement with the exact finite-size results.
Fig . 4 shows the scaled renormalized magnon dispersion ω q .S for the simple cubic lattice in the double-exchange limit. There is significant magnon-energy reduction due to spincharge coupling, which is enhanced with decreasing spin quantum number S highlighting the quantum 1/S effects, whereas it vanishes in the large S limit. Even in the strongcoupling limit, the magnon dispersion shows deviation from the Heisenberg form, which is more pronounced at finite J as discussed below. in the double-exchange limit. Magnon damping, as indicated by the linewidth, is seen to be sharply enhanced for zone boundary modes, especially for low spin quantum number S where quantum effects are significantly enhanced. are no self-energy corrections in the saturated ferromagnetic state at T = 0. However, a spin-↓ particle can decay into a magnon and a spin-↑ particle due to the fermion-magnon interaction, as shown in the self-energy part of Fig. 2(a) , resulting in considerable spin-↓ spectral-weight transfer above the Fermi energy ǫ F . Within an approximate resummation procedure which incorporates particle-particle correlations, 29 the spin-↓ self energy for the β orbital was calculated from:
where Σ (0) β↓ = 2∆ β = 2JS is the HF-level self energy, and the first-order self energy incorporating electron-magnon interaction is given by: 
V. CONCLUSIONS
In conclusion, a purely fermionic representation for the FKLM was introduced in terms of a multi-orbital Hubbard model involving localized and band electrons representing local moments and itinerant fermions, and correlations effects were investigated using a systematic inverse-degeneracy diagrammatic scheme which explicitly preserves the continuous spin-rotation symmetry and hence the Goldstone mode. First-order quantum corrections to magnon excitations due to spin-charge coupling were investigated in the full range of interaction strength, and shown to result in strong magnon damping and anomalous softening for zone boundary modes, which accounts for several zone-boundary anomalies observed in recent spin-wave measurements of ferromagnetic manganites.
We find that in the strong-coupling limit, the magnon self energy for the one-dimensional chain exhibits filling-dependent deviation from the Heisenberg form, with the deviation changing sign near n ∼ 0.43, in agreement with the exact finite-size results. 12 For the simple cubic lattice also, the renormalized magnon dispersion shows noticeable deviation from the Heisenberg form. Magnon decay into an intermediate-state magnon and majority-spin charge fluctuations due to spin-charge coupling lead to strong damping and line-broadening for zone-boundary modes in two and three dimensions, especially for low S.
For finite J, spin-charge coupling is significantly enhanced, resulting in strong zoneboundary magnon damping and anomalous magnon softening even for large Stoner gap.
This is in contrast to the RPA result 5 where both these features were found only in the weakcoupling regime where the Stoner gap is vanishingly small and the magnon branch merges with the Stoner continuun. However, in this weak-coupling regime, quantum corrections are strong enough to destabilize the ferromagnetic state. We also find that the ratio of magnon energies at X and R is noticeably smaller than 1/3, indicating significant presence of second (J 2 ) and third-neighbour (J 3 ) antiferromagnetic spin-spin interactions. This feature is also seen in a recent spin-wave excitation measurement of ferromagnetic manganites.
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The interplay of electronic and magnetic excitations is highlighted by the fermion-magnon scattering of minority-spin electrons, resulting in substantial spectral-weight transfer to lower energies, with the additional spin-↓ particle -spin-↑ hole process being responsible for the quantum exchange correction to spin stiffness. Intensity plot of the renormalized minorityspin spectral function showed a strongly incoherent low-energy branch, with (relative) hot spots near the Γ point between Γ-X and Γ-R. The high-energy branch remained nearly coherent and the dispersion retained the bare character, although the renormalized band width is substantially reduced.
Finally, this purely fermionic representation and diagrammatic analysis not only provides insight into quantum effects on spin dynamics in FKLM systems such as manganites and DMS, but also allows seamless extention to include correlated band electrons, so that quantum fluctuation effects associated with both finite S and electron correlation can be studied on an equal footing, which is particularly relevant for the ferromagnetic manganites.
